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We consider infinitely long electromagnetic wave guide filled with a ferrite. The wave guide has
arbitrary but constant cross-section D. We show that Maxwell equations are equivalent to the
Schro¨dinger equation for single electron in the two-dimensional quantum dot of the form D with
account of the Rashba spin-orbit interaction. The spin-orbit constant is determining by components
of magnetic permeability of the ferrite. The upper component of electron spinor function corresponds
to the z-th component electric field, while the down component χ related to the z-th component of
magnetic field by relation (30).
PACS numbers:
I. INTRODUCTION
There is a complete equivalence of the two-dimensional Schro¨dinger equation for a particle in a hard wall box to
microwave billiards [1]. A wave function is exactly corresponds to the the electric field component of the TM mode
of electromagnetic field: ψ(x, y)↔ Ez(x, y) with the same Dirichlet boundary conditions. This equivalence is turned
out very fruitful and test a mass of predictions found in the quantum mechanics of billiards [1]. In open systems
the probability current density corresponds to the Poynting vector. The last equivalence allowed to test in particular
universal current statistics in chaotic billiards [2, 3]. Moreover if the resonator is non homogeneously filled with ferrite,
a similarity to quantum billiards with broken time-reversal symmetry appears [1].
In present work we develop this idea of resonators filled with ferrite to show an equivalence of the Maxwell equations
to electron in quantum dot (QD) with the Rashba spin-orbit interaction (SOI) [4]. This interaction is relevant in a
two-dimensional electron gas, such as is formed in GaAs heterostructures. While spin-orbit scattering in metals is
largely due to scattering from the metal ions or from impurities, in a GaAs heterostructure, spin-orbit effects mainly
arise from the asymmetry of the potential creating the quantum well. The hamiltonian of single electron in the
quantum dot with account of the Rashba SOI has the following form [5, 6]
H =
1
2m∗
(p− e
c
A)2 + ~K[σ × (p− e
c
A)]z (1)
where m∗ = 0.023m is the effective mass, ~2K = 6× 10−10eV · cm is the SOI coefficient in a InAs structures [5]. The
dominant mechanism for the SOI in two-dimensional electron gas (2DEG) is attributed by the Rashba term [4, 7].
Using the characteristic scale of QD R we rewrite (1) in dimensionless form for B = 0
H˜ =
( −∇2 β( ∂
∂x
+ i ∂
∂y
)
β(− ∂
∂x
+ i ∂
∂y
) −∇2
)
, (2)
where β = 2m∗KR. We consider that the electric field is directed normal to the plane of QD. If to introduce complex
variables ξ = x+ iy and the Cauchy derivative ∂
∂ξ
= 1
2
(
∂
∂x
− i ∂
∂y
)
the the Schro¨dinger equation with the Hamiltonian
(2) takes the following form (
∂2
∂ξ∂ξ∗
+
1
4
ǫ
)
φ+
β
2
∂χ
∂ξ
= 0,(
∂2
∂ξ∂ξ∗
+
1
4
ǫ
)
χ− β
2
∂φ
∂ξ∗
= 0, (3)
where φ, χ are the components of the spin state and ǫ is the eigen energy.
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FIG. 1: Schematical view of electromagnetic wave guide with constant cross-section
II. BASIC ELECTROMAGNETIC EQUATIONS
Let us consider electromagnetic waves in a wave guide filled with a ferrite with a magnetization M0 directed along
the z axis and with the following magnetic permutability
µˆ = 1 + 4πχˆ,
χˆ =
(
χxx χxy 0
−χxy χxx 0
0 0 χzz
)
. (4)
By relation B = µˆH the Maxwell equations take the following form(
∂Ez
∂y
− ∂Ey
∂z
)
= −ik(µxxHx + µxyHy),(
∂Ex
∂z
− ∂Ez
∂x
)
= −ik(µyxHx + µyyHy), (5)(
∂Ey
∂x
− ∂Ex
∂y
)
= −ikµzzHz ;
(
∂Hz
∂y
− ∂Hy
∂z
)
= ikEx,(
∂Hx
∂z
− ∂Hz
∂x
)
= ikEy, (6)(
∂Hy
∂x
− ∂Hx
∂y
)
= ikEz,
where frequency of electromagnetic waves ω = ck. The first couple of the Maxwell equations ∇E = 0,∇B = 0 follows
from the second couple of equations (5) and (6).
Let us consider the wave guide infinitely long in z direction. We take that a cross-section of the wave guide is
constant in x, y plane as shown in Fig. 1. Such a geometry of the waveguide allows to separate variables z and x, y
and write
E(x, y, z) = eikzzE(x, y), H(x, y, z) = eikzzH(x, y). (7)
Then Eqs 6 reduce to
∂
∂y
(
∂Hz
∂y
− ∂Hy
∂z
)
− ∂
∂x
(
∂Hx
∂z
− ∂Hz
∂x
)
= ik
∂Ex
∂y
− ik ∂Ey
∂x
. (8)
Combining this equation with the third equation of (5) we obtain from (8)
∇2⊥Hz −
∂
∂z
(
∂Hx
∂x
+
∂Hy
∂y
)
+ k2µzzHz = 0, (9)
3where ∇⊥ = ∂2∂x2 + ∂
2
∂y2
is the two-dimensional Laplace operator.
The next task is to exclude Hy and Hx from (9). Eq. ∇B = 0 gives
µxx
(
∂Hx
∂x
+
∂Hy
∂y
)
+ µxy
(
∂Hy
∂x
− ∂Hx
∂y
)
+ µzz
∂Hz
∂z
= 0. (10)
Substituting the third equation (6) into (10) we obtain
−
(
∂Hx
∂x
+
∂Hy
∂y
)
=
µzz
µxx
∂Hz
∂z
+ ik
µxy
µxx
Ez.
Substituting this equation into (9) we obtain finally the first equation for Ez and Hz :
∇2⊥Hz(x, y) +
{
−k2z
µzz
µxx
+ k2µzz
}
Hz(x, y)− kkz µxy
µxx
Ez(x, y) = 0. (11)
Let us derive the next equation for Ez and Hz. The first couple of equations (5) gives us:
∂
∂y
(
∂Ez
∂y
− ∂Ey
∂z
)
− ∂
∂x
(
∂Ex
∂z
− ∂Ez
∂x
)
= −ik ∂
∂y
(µxxHx + µxyHy) + ik
∂
∂x
(µyxHx + µyyHy). (12)
Because of Eqs (4), (6) and (7) this equation can be written as follows
(∇2⊥ + µxxk2 − k2z)Ez = ikµyx
(
∂Hx
∂x
+
∂Hy
∂y
)
. (13)
On the other hand, Eq. ∇B = 0 gives
µxx
(
∂Hx
∂x
+
∂Hy
∂y
)
+ ikµxyEz + µzz
∂Hz
∂z
= 0.
As a result we obtain finally from (6) and (13) the second equation for Ez and Hz :{
∇2⊥ + (µxxk2 − k2z) + k2
µxy
µxx
}
Ez + kkz
µxy
µxx
Hz = 0. (14)
III. BOUNDARY CONDITIONS
Let us consider the boundary conditions for these relevant electromagnetic fields Ez and Hz. Assume that surface
of the wave guide shown in Fig. 1 is perfect metal. The boundary conditions are the following
Ez(x, y)|Γ = 0, Eτ (x, y)|Γ = 0 (15)
where τ is the unit vector directed along the boundary Γ in the wave guide cross-section. Our task is to express Eτ
through the relevant fields Ez and Hz. Write the Maxwell equations (5), (6) and (7) as follows
∂Ez
∂y
− ikzEy = −ik(µxxHx + µxyHy),
ikzEx − ∂Ez
∂x
= −ik(µyxHx + µyyHy) (16)
and
ikzHy =
∂Hz
∂y
− ikEx,
ikzHx =
∂Hz
∂x
+ ikEy. (17)
4From these equations we can express fields Ex and Ey via the fields Ez and Hz. A tedious but straightforward algebra
gives the following equations:
Ex =
1
D
{(
∂Hz
∂x
)
[−ik3µxyµxx − ikµxy(k2z − k2µxx)]
+
(
∂Hz
∂y
)
[−ik3µ2xy + ikµxx(k2z − k2µxx)]− ikzk2µxy
(
∂Ez
∂y
)
− ikz(k2z − k2µxx)
(
∂Ez
∂x
)}
,
Ey =
1
D
{(
∂Hz
∂x
)
[+ik3µ2xy − ikµxx(k2z − k2µxx)]
+
(
∂Hz
∂y
)
[−ik3µxxµxy − ikµxy(k2z − k2µxx)] + ikzk2µxy
(
∂Ez
∂x
)
− ikz(k2z − k2µxx)
(
∂Ez
∂y
)}
, (18)
where D = k4µ2xy + (k
2
z − k2µxx)2.
Since −→τ = (−nynx), the second boundary condition (15) takes the following form −nyEx + nxEy|Γ = 0. Taking
into account the first boundary condition (15) we obtain finally from (18)
µxy
{
kkz
(
∂Ez
∂n
)
− k2z(−→τ ∇⊥Hz)
}
+
(
∂Hz
∂n
)
[k2(µ2xy + µ
2
xx)− k2zµxx]|Γ = 0
Ez|Γ = 0. (19)
IV. SOI EQUIVALENT MICROWAVE EQUATIONS
In order to write Eqs (11) and (14) in form equivalent to the Schro¨dinger equation (3) with the Rashba SOI let us
introduce the following notations
hz = iHz,
ǫ1 = k
2 − k
2
z
µxx
,
ǫ2 = k
2µxx − k2z +
k2µ2xy
µxx
,
ν = kkzκ, iκ =
µxy
µxx
, (20)
where [9]
µxx(ω) = 1 +
4πM0ω0Ω
Ω2 − ω2 , µxy(ω) = i
4πM0ω0ω
Ω2 − ω2 , (21)
ω0 = γ(H0 − 4πM0),
Ω2 = ω0(ω0 + γHa),
Ha = 8πKa/M.
Here H0 is external constant magnetic field applied along the z-axis, i.e. along the direction of magnetization M0 and
Ha is effective anisotropy field directed along the x-axis.
Let us introduce an auxiliary function u2(x, y):
hz = λ
∂u2
∂ξ
, (22)
5where ξ = x+iy, and λ is some coefficient which will be determined below . Then Eqs (11) and (14) take the following
form (
4
∂2
∂ξ∂ξ∗
+ ǫ2
)
Ez + λν
∂u2
∂ξ
= 0,(
4
∂2
∂ξ∂ξ∗
+ ǫ1
)
λ
∂u2
∂ξ
+ νEz = 0. (23)
The first equation (23) can be written as
Ez = − 1
ǫ2
(
4
∂2
∂ξ∂ξ∗
+ λν
∂u2
∂ξ
)
. (24)
Let us choose λ2 = 4/ǫ2. Then the second equation (23) takes the following form
∂
∂ξ
{[
4
∂2
∂ξ∂ξ∗
+
(
ǫ1 − ν
2
ǫ2
)]
u2 − 2ν√
ǫ2
∂Ez
∂ξ∗
}
= 0. (25)
The solution of equation ∂g
∂ξ
= 0 is any function g = g(ξ∗) to give us the following equation:[
4
∂2
∂ξ∂ξ∗
+
(
ǫ1 − ν
2
ǫ2
)]
u2 − 2ν√
ǫ2
∂Ez
∂ξ∗
= g(ξ∗). (26)
One can see that the magnetic field (22) is invariant under gauge transformations u2 → χ = u2 + f(ξ∗). Let us make
this gauge transformation and substitute into Eq. (26). Then we obtain the following equation for transformed χ:
4
∂2χ
∂ξ∂ξ∗
+
(
ǫ1 − ν
2
ǫ2
)
χ− 2ν√
ǫ2
∂Ez
∂ξ∗
= 0, (27)
provided that we have chosen the gauge as follows:(
ǫ1 − ν
2
ǫ2
)
f(ξ∗) = g(ξ∗). (28)
Finally combining this equation with the first equation (23) we obtain the following system of equations(
∂2
∂ξ∂ξ∗
+
1
4
ǫ2
)
Ez +
ν
2
√
ǫ2
∂χ
∂ξ
= 0,(
∂2
∂ξ∂ξ∗
+
1
4
(
ǫ1 − ν
2
ǫ2
))
χ− ν
2
√
ǫ2
∂Ez
∂ξ∗
= 0. (29)
If to compare these equations with the Schro¨dinger equation for electron in quantum dot with SOI (3) one can see
that the electric field Ez is equivalent to the upper spinor component φ while χ is down component which related to
magnetic field by relation
Hz = − 2i√
ǫ2
∂χ
∂ξ
. (30)
The parameter ν√
ǫ2
is completely equivalent to the SOI constant β. If to substitute relations (20) one can see that
Eq. (29) is the equation for eigen functions Ez and χ and eigenvalues k
2. The eigenvalues of Eq. (29) will coincide
with the eigenenergies of Eq. (3) if to choose by variation of magnetic permutability µxx, µxy and kz
ǫ2 = ǫ1 − ν
2
ǫ2
, (31)
we can obtain exact correspondence between Eq. (3) and (29). Only difference in boundary conditions is remaining.
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